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acid-base chemistry; proton; bicarbonate; Stewart; Henderson-Hasselbalch THE ANALYSIS OF ACID-BASE reactions is important in the fields of chemistry, physiology, and clinical medicine. Although chemists continue to utilize the Henderson-Hasselbalch equation (5, 6) to model acid-base reactions macroscopically, the Stewart strong ion approach (8, (12) (13) (14) has been thought by some investigators to be a superior mechanistic approach to characterizing acid-base disorders in the clinical setting. One of the motivations for utilizing the Stewart equation is its purported superiority in modeling acid-base reactions in solutions with multiple buffers that more accurately reflects fluid compartments in vivo. The Henderson-Hasselbalch approach equates the equilibrium pH value to a single buffer pair that is typically bicarbonate based, given the importance of this buffer to extracellular body fluid buffering. This framework, however, fails to incorporate quantitatively the role of nonbicarbonate buffers such as phosphate, albumin, etc.
To correct this deficiency, Stewart derived a polynomial equation (simplified by Constable) , which incorporates buffers in addition to bicarbonate (1) (2) (3) (12) (13) (14) . Pivotal to the Stewart formulation is the purported role of electroneutrality in determining and modifying the H ϩ concentration ([H ϩ ]) of a solution. Although the principle of electroneutrality is central to the Stewart strong ion formulation, we have recently demonstrated that electroneutrality per se mechanistically does not dictate a specific [H ϩ ] in aqueous solutions (9) . Most importantly, both the Henderson Hasselbalch and strong ion approaches are equilibrium models of acid-base balance. According to the isohydric principle, all buffers are in equilibrium with the same [H ϩ ] in a solution containing multiple buffers. Consequently, since the Henderson-Hasselbalch and strong ion approaches are equilibrium models, the isohydric principle underscores the fact that any buffer pair (assuming the pKЈ is accurately known) can be utilized to calculate the equilibrium pH value, thereby negating the need quantitatively to incorporate multiple buffers and multiple pKЈ values into a formula such as the Stewart equation to simply calculate the pH at equilibrium (9) .
However, when one's goal is to predict what the value of the equilibrium pH will be in a multiple-buffered aqueous solution following the addition of an acid, neither the HendersonHasselbalch nor the Stewart strong ion model can be used since their derivation models the behavior of the solution only when equilibrium has already been achieved.
In this article, we have derived a new mathematical model that accurately predicts quantitatively the partitioning of H ϩ among various monoprotic 3 buffer pairs in an aqueous solution and, moreover, can be utilized to predict the equilibrium [H ϩ ] based on the preequilibrium reactant concentrations in a multiple-buffered solution. Our new equation was tested using various monoprotic buffer pairs to demonstrate its accuracy.
Derivation of the Predictive Multiple Buffer Equation
Let HA/A Ϫ and HB/B Ϫ represent two weak acid-conjugate base buffer pairs.
Let x, y, and z represent the quantity of H ϩ buffered by OH Ϫ , A Ϫ , and B Ϫ buffers respectively. Let suffix equalibrium ϭ e Let suffix initial ϭ i Therefore 
can be reexpressed as follows Let
Equation 15 can be reexpressed as follows Let
Substituting Eqs. 17 and 18 for y and z, respectively, into Eq. 16
Multiplying both sides of Eq. 20 by the product of the denominators
Solve Eq. 22 for "x" by finding the roots of a quartic equation using wxMaxima software. Calculate "y" using Eq. 17. Calculate "z" using Eq. 18.
] e using Eq. 11
This quantitative approach can be expanded to account for as many buffers as necessary. The apparent equilibrium constant KЈ is calculated based on the thermodynamic equilibrium constant K according to the following equation (4, 10) pKЈ ϭ pK Ϫ 0.51ͱI ( Eq.23)
where I ϭ ionic strength
where c is the molar concentration of each ion, and Z is its charge.
METHODS
Equations 17, 18, and 22 are first used to calculate the partitioning of H ϩ among the various buffer pairs. Equation 11, which will be named the Predictive Multiple Buffer Equation, is then employed to predict the equilibrium [H ϩ ] that is calculated based solely on the partitioning of H ϩ among these buffer components. The equilibrium pH is first estimated using the thermodynamic equilibrium constant K of each buffer. The thermodynamic equilibrium constant K is the equilibrium constant of each buffer when its reactants are expressed in terms of ionic activities. Using the thermodynamic equilibrium constant K, the initial equilibrium pH is first estimated based on the partitioning of H ϩ among the different buffer pairs according to Eq. 11. The partitioning of H ϩ among the different buffer pairs is also used to predict the equilibrium anionic buffer concentrations according to Eqs. 5, 6 , and 8. The estimated initial equilibrium [H ϩ ], predicted equilibrium anionic buffer concentrations, and chloride concentration of added HCl are used to estimate the ionic strength at equilibrium since ionic strength is a function of all ions at equilibrium. The predicted ionic strength at equilibrium is then utilized to determine the apparent equilibrium constant KЈ of each buffer, which is calculated according to Eq. 23 (4, 10) . The apparent equilibrium constant KЈ is the equilibrium constant of each buffer when its reactants are expressed in molar concentrations. The final equilibrium pH is then recalculated using the apparent equilibrium constant KЈ since the reactant concentrations are expressed in molar concentrations (4) .
In validating the Predictive Multiple Buffer Equation, we tested the model using aqueous solutions with various buffer pairs and measured the pH changes following the addition of HCl. Each multiple-buffered solution contained two different buffers in 20 ml of H 2O. The following buffers were used each at a concentration of 0.01 M: Na PIPES (Amresco, Solon, OH)/Na HEPES (Sigma, St. Louis, MO); Na PIPES/Na MES (Sigma); Na PIPES/Na acetate (Sigma); Na HEPES/Na MES; Na HEPES/Na acetate; and Na MES/Na acetate. Buffers were incubated at 25°C in a water bath (Thermo Fisher Scientific, Waltham, MA), and the temperature was monitored by a thermometer (Fisher Scientific, Chino, CA) during the experiment. An initial equilibrium pH was obtained and then 20 l of 1.0148 M HCl was added to each solution, and the equilibrium pH was remeasured when there was no further change in the measured pH with time. To obtain more equilibrium pH values, the addition of 20 l of 1.0148 M HCl was repeated. The pH meter (HANNA Instruments, Woonsocket, RI) was calibrated at 25°C, and the equilibrium pH was measured utilizing a pH electrode (Sensorex, Garden Grove, CA) at 25°C while the solution was mixed.
RESULTS AND DISCUSSION

Comparison of Predicted Equilibrium pH with the Measured Equilibrium pH
Equilibrium pH values were obtained for each buffer pair, and in total, 70 equilibrium pH values were used in our analysis. The data utilizing the HEPES-MES buffer pair is shown graphically as a titration curve in Fig. 1 . Figure 1 depicts the titration plot of the predicted equilibrium pH vs. HCl (x) and measured equilibrium pH vs. HCl (E) using the HEPES-MES buffer pair. The results of all predicted and measured data points are shown in a master plot in Fig. 2 . The linear least squares fit equation comparing all predicted to measured values had an r 2 value of 1, with a slope of 1, and an intercept of zero (Fig. 2) . In Table 1 , the Predictive Multiple Buffer Equation (Eq. 11) is used to determine the predicted equilibrium pH calculated based on the initial reactant concentrations expressed in molar concentrations and the apparent equilibrium constant KЈ of each buffer calculated according to Eq. 23. As demonstrated in Fig. 1 and 2 
Factors Involved in the Prediction of the Equilibrium pH of a Multiple-Buffered Solution
In a multiple-buffered aqueous solution, the addition of external protons results in a change in H ϩ partitioning among the various buffer pairs depending on their concentrations (activities) and their respective equilibrium constants. The need to predict final equilibrium pH values and to quantitate the magnitude of proton partitioning among various buffer constituents encompasses many fields including chemistry, pharmaceutical industry, physiology, and the clinical sphere. The predictive power of the Predictive Multiple Buffer Equation will therefore be of utility in these various areas that utilize equilibrium pH measurements. ] is determined by its concentration and its equilibrium constant in relation to the ambient pH. In characterizing the macroscopic behavior of acid and base buffer pairs in aqueous solutions, the Henderson-Hasselbalch equation is most widely used (5, 6). In the clinical realm, this equation is used most frequently to quantitatively define the role of the bicarbonate buffer system in aqueous solutions at equilibrium.
In attempting to quantitatively account for bicarbonate and nonbicarbonate buffers in solution, the Stewart equation and simplified Constable equation have been proposed to be more quantitatively accurate in calculating the pH value in multiplebuffered solutions ( 1-3, 8, 12-14) . Both of these equations are based on the assumption that equilibrium has been achieved. In solution (8) . Our present analysis indicates that the reported deviations in the Henderson-Hasselbalch equation and the Stewart strong ion formulation are simply due to the inaccuracies in the equilibrium constants used in the calculations of equilibrium pH. Since both the Henderson-Hasselbalch equation and the Stewart strong ion formulation calculate the equilibrium pH based on the reactant molar concentrations (rather than ionic activities), the apparent equilibrium constants (rather than the thermodynamic equilibrium constants) of the various buffer pairs should therefore be used to determine the equilibrium pH. Consequently, previously reported deviations in the Henderson-Hasselbalch equation and the Stewart strong ion formulation are simply a result of the inaccuracies in the equilibrium constants used in the calculations of equilibrium pH. Importantly, the Henderson-Hasselbalch equation and Stewart strong ion formulation are not able to predict what the equilibrium pH will be following proton addition to a multiplebuffered aqueous solution. These formulas can be used to calculate the equilibrium pH only when the reactant concentrations at equilibrium are already known, and therefore they have no predictive capability. In predicting the equilibrium 
where x, y, and z represent the concentrations of H ϩ being buffered by each of the individual buffer pairs. In addition, based on the law of conservation of mass, for a given buffer pair
Our new mathematical model is also based on the isohydric principle (Eq. 11). According to the isohydric principle, the equilibrium [H ϩ ] is equal to the product of the acid/base ratio (e.g.. [HA]/[A Ϫ ]) of each buffer pair and its equilibrium constant. Since H 2 O is the solvent for all buffers in solution, the water association/dissociation equilibrium also participates in proton buffering and must be considered as a separate buffer itself. However, in the case of H 2 O, since the activity of H 2 O is assumed to be approximately equal to 1 (7)
Based on all the above mathematical relationships, we derived a fourth-order polynomial equation which can be utilized to predict the equilibrium [H ϩ ] in a multiple-buffered solution based on the preequilibrium reactant concentrations. The four possible roots of this fourth-order polynomial equation can be solved algebraically, or alternatively, the roots of this equation can be easily computed using user-friendly mathematical software such as wxMaxima and Mathematica. Although there are four possible roots to this polynomial equation, there is only one solution that will fulfill all the above mathematical relationships upon which the model is based on (Eq. 11) 
Theoretically, this new quantitative approach can be expanded to account for a multiple buffered solution containing more than three buffers as needed. The strong ion approach to acid-base analysis differs from our formulation in that the Stewart/Constable equations require the insertion of the reactant concentration at equilibrium and therefore are not predictive (1-3, 8, 12-14 ] at equilibrium is only determined by the dissociation constant of water, KЈ w . This holds true regardless of the absolute value of KЈ w (due to effects of ionic strength). Recently, we have derived the relationship between the equilibrium pH value and the concentrations of multiple buffer pairs in an aqueous solution that is not based on electroneutrality considerations (9) . However, like the Henderson-Hasselbalch and Stewart/Constable equations, this equation requires that the reactant concentrations at equilibrium are known, and therefore this equation too is not predictive (9) .
Previously, a predictive formula has been derived utilizing charge balance (macroscopic electroneutrality constraints), conservation of mass, and acid-base equilibria (11) . Unlike the Stewart and Constable nonpredictive equilibrium-based equations, this equation is predictive because the total equilibrium concentrations of all weak acids and bases are assumed to be equal to the total preequilibrium concentrations of weak acids and bases according to the law of conservation of mass. In the derivation of this formula, the use of charge balance was mathematically convenient, however, as we have shown, is not mechanistically involved in predicting or determining the equilibrium pH value. Since the pH of a multiple-buffered aqueous solution is based mechanistically on the partitioning of excess H ϩ among the various buffers, we have derived a predictive formula based on partitioning of H ϩ buffering, conservation of mass, and acid-base equilibria. Moreover, the fact that our mathematical model can accurately predict the equilibrium pH based only on the partitioning of H ϩ buffering without requiring the incorporation of electroneutrality considerations provides definitive proof that electroneutrality plays no role in determining the pH of a solution.
Validity of the Predictive Multiple Buffer Equation to Predicting the Equilibrium pH
In validating our new mathematical model, we tested the model using solutions with various buffer pairs and measured the pH changes following the addition of HCl. In our study, HCl was added successively to various multiple-buffered solutions and the equilibrium pH was measured at each addition step. The equilibrium pH was determined when there was no further change in the measured pH with time at each step of HCl addition. The measured equilibrium pH was then compared with the predicted equilibrium pH as calculated by our model. In predicting the equilibrium pH, the equilibrium pH was first estimated using the thermodynamic equilibrium constant K of each buffer, and this pH value was then used to estimate the ionic strength at equilibrium. The final equilibrium pH was then recalculated using the apparent equilibrium constant KЈ, which was calculated based on the predicted ionic strength at equilibrium according to Eq. 23 (4, 10) . The apparent equilibrium constant KЈ was utilized to calculate the final equilibrium pH since the reactant concentrations were expressed in molar concentrations (4) . By performing these calculations iteratively, our findings demonstrate that the equilibrium pH can be predicted accurately. As demonstrated in Table 1 and Fig. 2 , our results confirmed the accuracy of our new quantitative approach for predicting the final equilibrium pH. Indeed, linear regression analysis demonstrated that the predicted pH as calculated by our model is in excellent agreement with the measured pH: predicted pH ϭ measured pH ϩ 0.0038 (r 2 ϭ 1.0; 95% CI slope ϭ 1 to 1; 95% CI intercept ϭ Ϫ0.0322 to 0.0398, where CI is the confidence interval).
Physiological Relevance of the Predictive Multiple Buffer Equation
Our study has significant physiological and clinical relevance. First, there is much controversy as to the role of electroneutrality in determining the equilibrium pH. In this study, we have demonstrated experimentally for the first time that the equilibrium pH can be accurately predicted based solely on the partitioning of H ϩ buffering among the buffer pairs in solution and that electroneutrality requirements do not play a role in defining the equilibrium pH of a solution. As shown in ] and the sum of the concentrations of H ϩ being buffered by each of the individual buffer pairs without requiring calculations or considerations based on electroneutrality requirements. Second, our study also highlights the important fact that any mathematical model aimed at defining acid-base chemistry can only be predictive when it is based on preequilibrium reactant concentrations. In contrast to our mathematical model, previous approaches used in the analysis of acid-base chemistry (Henderson-Hasselbalch equation and the Stewart strong ion formulations) can only describe (rather than predict) the equilibrium pH of a multiple-buffered solution. Importantly, these approaches calculate the equilibrium pH only when the reactant concentrations at equilibrium are already known. In this regard, it is simpler to directly measure the equilibrium pH rather than measuring the equilibrium reactant concentrations to calculate the equilibrium pH.
Our new mathematical model is the first reported quantitative approach that can predict the equilibrium [H ϩ ] based on the partitioning of H ϩ buffering among monoprotic buffers in solution. Since biological buffers (bicarbonate, phosphate, and albumin) are polyprotic in nature, a different and more complex model will be required to accurately define the partitioning of H ϩ buffering among these polyprotic buffers. However, to the extent that these polyprotic biological buffers can be treated as monoprotic buffers, our model can be applied to define the partitioning of H ϩ among these polyprotic buffers. Indeed, both the nonpredictive Henderson-Hasselbalch equation and the Stewart strong ion formulations treat bicarbonate and phosphate/albumin buffers, respectively, as monoprotic buffers in their derivations even though these biological buffers are truly polyprotic in nature. Consequently, to the extent that these polyprotic biological buffers can be accurately modeled as monoprotic buffers, our model can be used to predict and define the partitioning of H ϩ among bicarbonate and phosphate/albumin buffers as well.
